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Abstract
In this paper we investigate the existence of branches of embedded trapped modes
in the vicinity of symmetric obstacles which are placed on the centreline of a two-
dimensional acoustic waveguide. Modes are sought which are antisymmetric about the
centreline of the channel and which have frequencies that are above the first cut-off for
antisymmetric wave propagation down the guide. In previous work [1], a procedure
for finding such modes was developed and it was shown numerically that a branch of
trapped modes exists for an ellipse which starts from a flat plate on the centreline of the
guide and terminates with a flat plate perpendicular to the guide walls. In this work
we show that further branches of such modes exist for both ellipses and rectangular
blocks, each of which starts with a plate of different length on the centreline of the
guide. Approximations to the trapped mode wave numbers for rectangular blocks are
derived from a two-term matched eigenfunction expansion and these are compared to
the results from the numerical scheme described in [1]. The transition from trapped
mode to standing wave which occurs at one end of each of the branches is investigated
in detail.
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1 Introduction
In a previous paper McIver, Linton, McIver, Zhang & Porter [1] proved that trapped modes
exist for a countably infinite set of sufficiently long thin plates on the centreline of a two-
dimensional acoustic guide at wave numbers which are above the first cut-off for antisym-
metric wave propagation down the guide. Trapped modes are localised oscillations which
have finite energy and their existence in acoustic guides at wave numbers below the first
antisymmetric cut-off has been well-documented (see for example [3], [4], [5], [6] and [7]).
1
For wave numbers above the cut-off the eigenvalue associated with the trapped mode is said
to be embedded in the continuous spectrum of the relevant operator. It is much harder
to prove the existence of embedded trapped modes and they are known to be unstable to
arbitrary perturbations in the body geometry. In general a perturbation in the obstacle or
its position in the guide transforms the eigenvalue into a so-called ‘complex resonance’. A
description of such resonances for off-centre bodies in guides is given by Aslanyan, Parnovski
& Vassiliev [8]. However, in [1] it was shown numerically that for wave numbers between
the first and second cut-off for antisymmetric wave propagation down the guide, an obstacle
which supports an embedded trapped mode may be varied along a specific path within a two
parameter family of geometric perturbations in such a way that the trapped mode persists.
In particular we showed that if the flat plate aligned with the guide walls is deformed into
an ellipse of a particular size and aspect ratio then the trapped mode remains and in fact a
branch of trapped modes exists which starts with a plate on the centreline of the guide and
terminates with a standing wave for a flat plate aligned perpendicular to the guide walls, and
passes through a series of ellipses in-between. Other two parameter families of perturbations
are possible and in [1] it was shown that a branch of modes exists for shapes of the form
xν + yν = aν , where x is measured down the guide, y is measured across the guide and ν
and a vary along the branch.
In the previous work we concentrated solely on branches of modes which emanate from
the plate of smallest length on the centreline. However each of the plates is the starting point
for a branch of modes and in this work we investigate the structure of the higher branches
when the plates are deformed into either rectangular blocks or ellipses. Rectangular blocks
are chosen because they have the interesting property that sin 3πy/2d is a standing wave
which can be supported by a block of half-depth b = d/3, where 2d is the width of the guide
and y is measured across the guide from the centreline, irrespective of the length of the
block. It is found that one set of branches of trapped modes terminate in standing waves for
blocks of this depth but that the others do not. Furthermore it is possible to obtain simple
but accurate approximations to the trapped mode wave numbers from a two-term matched
eigenfunction expansion and this procedure is used to obtain qualitative information about
the structure of the branches.
The paper is organised as follows. In the next section the solution for the trapped mode
potential for a rectangular block is written in terms of an eigenfunction expansion. The
usual matching conditions are applied and the resulting series are truncated at two terms.
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This leads to a transcendental equation for the wave number nondimensionalised by the
plate length. This approximation suggests that if b/d < 1/3 then there is a countably
infinite set of blocks which can support trapped modes. In §3 data is presented which shows
good agreement between results obtained from this approximate solution and numerical
results from the integral equation formulation described in [1]. The transcendental equation
which arises from the approximate method is investigated in detail and information about
the branch structure of the trapped modes is obtained. Results are also presented which
illustrate the branch structure of trapped modes for ellipses and the differences between
these and the branches for the rectangular blocks are analysed.
2 Approximate trapped mode solution for a rectangular
block
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Figure 1: Definition sketch.
In this section an approximate solution for a trapped mode in the vicinity of a rectangular
block is derived, at a frequency which is above the first cut-off for antisymmetric wave
propagation down the guide but below the second such cut-off. A quarter section of the
block and guide is illustrated in Figure 1 and a trapped mode potential is sought which is
symmetric in x and antisymmetric in y. A trapped mode which has this two-fold symmetry
is sought as this means that there is only one type of wave which can propagate to either
infinity. Moreover as the body is symmetric in x, there is only one condition which needs
to be applied to ensure that the amplitudes of the waves propagating to both infinities are
zero. It is expected that another set of modes exists that are antisymmetric in both x and
y, but it is not thought possible to relax the condition of antisymmetry in y.
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The trapped mode potential φ satisfies
(∇2 + k2)φ = 0 (1)
in the guide exterior to the body, where k2 = ω2/c2 and ω is the angular frequency of
oscillation of the mode and c is the speed of sound. The boundary conditions are given by
φ = 0 on y = 0, x > a, (2)
∂φ
∂y
= 0 on y = d, x > 0 and on y = b, 0 < x < a, (3)
∂φ
∂x
= 0 on x = 0, b < y < d and on x = a, 0 < y < b (4)
and
φ → 0 as x →∞. (5)
Evans, Levitin & Vassiliev [4] proved that trapped modes exist for blocks of arbitrary
length a when kd < π/2. The aim here is to seek blocks which support trapped modes for
values of kd in the range π/2 < kd < 3π/2, the upper limit being the infimum of the set of
values of kd for which antisymmetric waves of the form eiαx sin 3πy/2d, 9π2/4d2 + α2 = k2
can propagate down the guide. The formulation of the problem follows closely that described
in Evans & Linton [2]. The solution for φ is written as an eigenfunction expansion in each of
regions I and II and the coefficients in the expansion are determined by the requirement that
the potential and velocity are continuous on the common boundary and that the horizontal
velocity is zero on x = a, 0 < y < b.
The potential in region I is written as
φ(x, y) =
∞∑
n=0
U
(1)
n cosh knx
kn sinh kna
ψn(y) (6)
where {U (1)n } are the unknown coefficients and {ψn(y)} is the complete orthonormal set of
functions given by
ψn(y) =
(
n
d− b
)1/2
cos pn(d− y), n = 0, 1, . . . , (7)
where
pn =
nπ
d− b, (8)
n =

 1, n = 02, n ≥ 1, (9)
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k0 = ik, k1 = iq = i(k
2 − p21)1/2 (10)
and
kn = (p
2
n − k2)1/2, n ≥ 2. (11)
As modes are sought in the range π/2 < kd < 3π/2 and pnd ≥ nπ then knd is real for n ≥ 2.
However if
π
(1− b/d) < kd <
3π
2
(12)
then k1d is purely imaginary and so from the series in (6) two wave-like terms may exist
in the inner region. Such a pair of waves is only possible if (12) yields a non-zero range of
values for kd, that is if b/d < 1/3. From now on it will be assumed that b/d lies below this
critical value. It is interesting to note that at b/d = 1/3 and kd = 3π/2 the function
φ = sin
3πy
2d
(13)
is a standing wave solution to (1) which satisfies the boundary conditions (2) - (4), irrespec-
tive of the length of the block.
The potential in region II is written as
φ(x, y) = −
∞∑
n=2
U
(2)
n
κn
e−κn(x−a) Ψn(y) (14)
where {U (2)n } are the unknown coefficients and {Ψn(y)} is the complete orthonormal set of
functions given by
Ψn(y) =
(
2
d
)1/2
sin ln(d− y), n = 1, 2, . . . , (15)
where
ln =
(2n− 1)π
2d
, (16)
and
κn = (l
2
n − k2)1/2, n ≥ 2. (17)
It should be noted that, as kd > π/2, a possible term which multiplies Ψ1(y) contains
progressive waves and so its coefficient is forced to be zero by the requirement that φ → 0
as x →∞.
Continuity of the horizontal component of the velocity on x = a gives
∞∑
n=2
U (2)n Ψn(y) =


∑∞
n=0 U
(1)
n ψn(y), b < y < d
0, 0 < y < b.
(18)
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Multiplication of both sides of (18) by Ψm(y), m = 1, 2, . . . and integration over [0, d] gives
∞∑
n=0
U (1)n cnm =

 U
(2)
m , m = 2, 3, . . .
0, m = 1,
(19)
where
cnm =
∫ d
b
ψn(y)Ψm(y) dy. (20)
Continuity of potential on x = a, b < y < d gives
∞∑
n=0
U
(1)
n
kn
coth kna ψn(y) = −
∞∑
n=2
U
(2)
n
κn
Ψn(y), b < y < d (21)
Multiplication of both sides of (21) by ψm(y), m = 0, 1, . . . and integration over [b, d] gives
U
(1)
m
km
coth kma = −
∞∑
n=2
U
(2)
n
κn
cmn, m = 0, 1, . . . . (22)
A trapped mode solution for which π/2 < kd < 3π/2 corresponds to a nontrivial solution
of the systems of equations in (19) and (22). A crude approximation to these equations is
obtained by truncating the expansion in region I at n = 1 and the expansion in region II at
n = 2. Physically this corresponds to allowing for the effects of the two possible wave-like
terms in the inner region and the leading order non-zero term in the outer region. This
procedure yields the matrix system of equations
Au =


c01 c11 0
c02 c12 −1
−k−1 cot ka 0 κ−12 c02
0 −q−1 cot qa κ−12 c12




U
(1)
0
U
(1)
1
U
(2)
2

 =


0
0
0
0


. (23)
This system has a non-trivial solution if and only if rank(A) ≤ 2. The matrix A depends on
the three non-dimensional parameters b/d, a/d and kd but the coefficients cnm only depend
on b/d. As the first two rows of the matrix are independent of a/d and kd, it is convenient
to express the condition that rank(A) ≤ 2 as the two equations∣∣∣∣∣∣∣∣∣
c01 c11 0
c02 c12 −1
−k−1 cot ka 0 κ−12 c02
∣∣∣∣∣∣∣∣∣
= 0 (24)
and ∣∣∣∣∣∣∣∣∣
c01 c11 0
c02 c12 −1
0 −q−1 cot qa κ−12 c12
∣∣∣∣∣∣∣∣∣
= 0. (25)
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These equations are then expanded and after manipulation, combination with (10) and (17)
and evaluation of the integrals cnm they reduce to a transcendental equation for ka for a
given value of b/d, namely
f(ka, b/d) = ka tan ka− c qa tan qa = 0, (26)
where
qa = ka
[
1− 4
9(1− b/d)2 −
262144 tan2 ka cos4(3πb/2d)
729π4(1− b/d)4(5− 3b/d)2(1− 3b/d)2
]1/2
(27)
and
c =
18(1− b/d)4
(3− b/d)(1 + b/d)(5− 3b/d)(1− 3b/d) . (28)
Thus c just depends on b/d and as b/d < 1/3, c is positive. Once ka has been determined
from (26) the remaining non-dimensional parameters may be written in terms of it. In
particular it may be shown that
a
d
=
2ka
3π
[
1 +
65536 tan2 ka cos4(3πb/2d)
81π4(1− b/d)2(5− 3b/d)2(1− 3b/d)2
]1/2
, (29)
kd =
ka
a/d
=
3π
2
[
1 +
65536 tan2 ka cos4(3πb/2d)
81π4(1− b/d)2(5− 3b/d)2(1− 3b/d)2
]−1/2
, (30)
and
κ2a =
256 cos2(3πb/2d)
9π2(1− b/d)(5− 3b/d)(1− 3b/d)ka tan ka. (31)
The potential in region II is formed from a sum of decaying exponentials, and so from
(14) κ2a must be positive. Thus from (31) as b/d < 1/3, tan ka must be positive, that is
nπ < ka < (n + 1/2)π, n = 0, 1, . . . . (32)
From (26) and (32) qa tan qa must be positive, which means that qa must be real and so
from (6) and (10) there are two waves in the inner region. Furthermore as qa is chosen to
be the positive square root in (10) and qa tan qa > 0 then tan qa > 0, that is
mπ < qa < (m + 1/2)π, m = 0, 1, . . . . (33)
The pair of integers (n, m) measure the number of wavelengths of the modes cos kx and
cos qx cos[π(d− y)/(d− b)] respectively, which fit in the inner region and it is convenient to
identify the roots of (26) by these numbers. From (27), (32) and (33)
mπ < qa <
√
5
3
ka <
√
5
3
(n + 1/2)π (34)
and this restricts the possible values of m to integers such that
0 ≤ m <
√
5
3
(n + 1/2). (35)
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3 Results and discussion
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Figure 2: Lengths of blocks that are able to support trapped modes; —–: approximate
values from transcendental equation; : long plate approximation;  : numerical values from
integral equation.
Suppose that we want to determine all blocks that support trapped modes which have a
half-length a < a∗ where a∗ is some given value. As kd lies in the range π/2 < kd < 3π/2,
ka < ka∗ = (kd)(a∗/d) < 3πa∗/2d. From (32) as ka < (n+1/2)π for some integer n, if all the
roots of the transcendental equation (26) are found in the range 0 < ka < π([3a∗/2d]+1/2),
where [·] denotes integer part, then all blocks with a < a∗ that support trapped modes will
have been found. Figure 2 illustrates all such blocks with a/d < 3 as a function of b/d
and figures 3 and 4 give the corresponding wave numbers kd as functions of b/d and a/d.
The lines indicate values calculated from the transcendental equation (26) and the stars
are the numerical results from the integral equation method described in [1]. This latter
method becomes time-consuming to run numerically as n increases and so it was only used
to calculate trapped modes on branches for which n ≤ 3.
There is close agreement between the approximate and full numerical results and so
by analysing the transcendental equation in (26) some important information about the
behaviour of the trapped modes may be determined. First it should be noted that the
approximate method yields the same number of branches of trapped modes as the exact
method and indeed was instrumental in determining that in the a/d – b/d plane there are
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Figure 3: Trapped mode wave numbers for blocks as a function of b/d; —–: approximate
values from transcendental equation; : long plate approximation;  : numerical values from
integral equation.
two branches of modes very close together, namely the branches (3, 2) and (2, 0). This means
that there are two sets of blocks with very similar sizes that support trapped modes, but
as may be seen in figure 3 the wave numbers of these modes are very different. Although
the bound on the number of branches given in (35) is correct, it is not tight as it permits
the branches (1, 1) and (4, 3), neither of which are found numerically. When b/d = 0 the
rectangular block reduces to a plate on the centreline of the guide. Approximations to the
values of a/d and kd for these plates were derived in [1] from a long plate analysis. The long
plate results are denoted by on each of the figures and are seen to agree well with the other
numerical results.
From figure 3 it is clear that the other ends of all the branches occur when kd reaches
the second cut-off, 3π/2. However, from figure 2 the size of the block at which this happens
depends on the type of branch of modes. For all the branches of modes designated by
(n, 0), b/d = 1/3 at the terminating point and, as has already been observed, the potential
φ = sin 3πy/2d is a standing wave with kd = 3π/2 for any block of this depth irrespective
of its length. Thus the trapped modes on these branches tend to this standing wave, and in
fact the whole of the line b/d = 1/3 in figure 2 corresponds to standing wave solutions. In
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Figure 4: Trapped mode wave numbers for blocks as a function of a/d; —–: approximate
values from transcendental equation; : long plate approximation;  : numerical values from
integral equation.
the limit as b/d → 1/3 it may be shown that the transcendental equation (26) reduces to
tan ka− ka
4
= 0, (36)
and from (29) the limiting values of a/d are then given by a/d = 2ka/3π.
The branches designated by (n, m), m = 0, do not terminate at b/d = 1/3 and so from
(30) tan ka → 0 as kd → 3π/2. Thus from (32) ka → nπ and from (29) a/d → 2n/3.
Moreover from (26) and (27)
tan qa → tan
{
ka
[
1− 4
9(1− b/d)2
]1/2}
→ 0, (37)
which from (33) gives qa → mπ and from (37) the limiting values of b/d as
b
d
= 1− 2
3(1−m2/n2)1/2 . (38)
Thus for a fixed value of n and m = 0, these branches all terminate at the same value of
a/d when kd = 3π/2. This is most easily seen from the results in figure 4. In these cases
the limiting standing wave is no longer the simple function φ = sin 3πy/2d, as this does not
satisfy the boundary conditions on the block. The standing wave asymptotes to this function
as x → ±∞ but is modified in the neighbourhood of the block. The limiting value of b/d
given by (38) also demonstrates why neither of the branches (1,1) nor (4,3) were observed
10
numerically, as the values of b/d at the ends of their branches would have to be given by
−∞ and −0.0079 respectively, both of which are clearly unphysical.
0.1 0.2 0.3 0.4 0.5
b d
0.5
1
1.5
2
2.5
3
a
d
H1,0L
H2,0L
H2,1L
Figure 5: Lengths of ellipses that are able to support trapped modes; : long plate approxi-
mation;  : perpendicular plate; —–: numerical values from integral equation.
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Figure 6: Trapped mode wave numbers for ellipses; : long plate approximation;  : perpen-
dicular plate; —–: numerical values from integral equation.
Figures 5, 6 and 7 show the structure of the first three branches of trapped modes for
ellipses of aspect ratio b/a situated on the centreline of the guide. The results are all obtained
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Figure 7: Trapped mode wave numbers for ellipses; : long plate approximation; —–: nu-
merical values from integral equation.
from the integral equation method described in [1] apart from the values for b/d = 0 which
come from the long plate approximation and the other end of the lowest branch which is a
limiting value for a plate perpendicular to the guide walls. A comparison of these results
and those for the blocks in figures 2, 3 and 4 shows that instead of terminating at a non-zero
value of a/d, the lowest branch for the ellipse terminates at a/d = 0. The value of b/d at
this point was derived in [1] from a slender body theory and is given by b/d = B, where B is
the root of the transcendental equation J1(2πB)− J1(πB) = 0 (B ≈ 0.392) and J1 denotes
the first-kind Bessel function of order one. It was shown in [1] that the lowest branch for
the vast majority of obstacles terminates at a/d = 0 and the limiting value of b/d depends
on the precise shape of the body as it approaches this limit. This is because an obstacle for
which a/d = 0 corresponds to a plate which is perpendicular to the guide walls and such
a plate supports the standing wave φ = 3πy/2d irrespective of the value of b/d. It is the
rectangular block which is the special geometry that can support this standing wave for an
arbitrary value of a/d when b/d = 1/3.
From figure 6 the second and third branches for the ellipse terminate at kd = 3π/2 in
a similar fashion to those for the block. For convenience all the branches for the ellipse are
labelled in the same way as those for the block even though there are some differences in
behaviour. For example they all terminate at different values of b/d from each other, and
in particular the branch labelled (2, 0) attains a higher value of b/d than does the branch
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(1, 0). The limiting values of b/d on this and higher branches have to be found numerically
as it is not possible to determine analytically which ellipses with finite, non-zero area can
support standing waves. Furthermore the branch structure for the trapped modes for the
ellipse is expected to be typical of that for the vast majority of symmetric obstacles which
may be deformed from flat plates, whilst the rectangular block is a special body which has
certain distinctive properties.
4 Conclusion
In this work we have investigated the structure of branches of embedded trapped modes
which exist when obstacles with a two-fold symmetry are placed on the centreline of a
two-dimensional acoustic waveguide. The modes are antisymmetric about the centreline
of the channel and symmetric about the other plane of symmetry and have frequencies
that are between the first and second cut-off for antisymmetric wave propagation down
the guide. The particular geometries considered here were rectangular blocks and ellipses,
although the numerical scheme developed in [1] is applicable to many other geometrical
shapes. A two-term matched eigenfunction expansion was used to show that a countably
infinite set of branches of trapped modes exist for a rectangular block and that each branch
may be labelled by the pair of integers (n, m), where the possible values of m and n satisfy
0 ≤ m < √5(n + 1/2)π/3. A similar branch labelling was used for the ellipse and for
both types of bodies each branch of trapped modes starts with a trapped mode for a thin
plate on the centreline of the guide and terminates with a standing wave. The standing
wave asymptotes to the function φ = sin 3πy/2d as x → ±∞, but may be modified in the
neighbourhood of the obstacle to take account of the body boundary conditions.
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